In a previous publication('), I have studied the structure of finite M-groups. The purpose of the present paper is to extend the results of that paper to the case of infinite groups.
A group C3 is called M-group when the lattice L(C~3) formed by all subgroups of ( is a modular lattice(2): it holds namely for arbitrary subgroups ~?L, , with , of C the modularity equation (1) In this case, if we make each subgroup lying between t'48 and 3 correspond to the subgroup c 2I, and each subgroup J lying between 2t and T c-8 the subgroup J'-', we have a lattice isomorphism be tween quotient lattices X'-i3/3 and t/-: (2) It follows then, that the length of any principal chain which connects two subgroups of C3 is always equal to each other(3). A group is called "group of finite length" , when all its principal chains which connect the whole group with the identity, have always the same and finite length. For example any finite M-group is a group of finite length.
But it is not yet decided whether a group of finite length is finite or not. This is a special case of the unproved assumption, that a group is finite when its subgroups satisfy the both chain conditions(1),
The structure of a finite M -group is given by the following theorems(5):
(1) K. Iwasawa. Uber die endlichen Gruppen and die verbande ihrer Untergruppen, Journal of the faculty of science, Tokyo Imperial University, I, vol. Iv, part 3. (1941) referred to as G.v.
(2) See G. V. p. 171.
(3) For the general lattice theory see . Birkhoff, Lattice theory (1940) . (4) This assumption is indeed valid for those groups which can be isomorphically represented with matrices on some commutative field. Cf. I. Schur, Sitzungsber. Preuss. Acad. wiss. 1911, p. 619-627. (5) See G. V. Satz 2, 3, 18.
A p-group (p>2)
13 is an M-group if and only if it has the following structure:
~3 contains an abelian normal subgroup 2X, (ii) 43/2C is cyclical, (iii) for a suitable generator T of 43/'2{ we have for any element A of 2 (3) TAT-1=A1+ps, where s means an integer which is uniquely determined by and t, and is independent of A.
2. A 2-group is an M -group, if and only if it has either the same structure as in 1 with an additional condition s 2, or it is a Hamiltonean 2-group, i.e. it is the direct product of a quaternion-group and an abelian group of type (2, 2 2). 3. Let , q e two different prime numbers, p q. A group C3 of order p~ qR , which is not the direct product of their Sylowgroups, is an -group if and only if i has the following structure: 4. A finite group C~3 is an M-group if and only if it is the direct product of groups of mutually prime orders which have structures mentioned above in 1-3. Now let be an arbitrary M-group and A and B its elements of finite orders. We prove first that AB is also of finite order. Let ® {A}, = {B}. From (2) it follows easily that is of finite length ; con sequently it contains no element o infinite order, because an element C of infinite order would give rise to an infinite sequence of subgroups {C}, {C2}, {C4}......
As an element of '-'AB is of finite order. Thus we obtain the following Theorem 1. In an Ill group (~3, elements of finite orders form together a characteristic subgroup of (~. (3/ is then an M -group whose all elements except the identity are of infinite orders. where r is an integer depending only upon {3, }. The orders of elements contained in different direct factors must be prune to each other. Conversely any group, which has the structure mentioned above, is an M -group which satisfies our assumption. The last part of the theorem is easily seen from , 4 in § 1. 2. According to Theorem 2 it suffices to investigate only such Al-groups any of whose elements has an order which is a power of a fixed prime number.
We first consider a 2-group (~3 which contains a quaternion-group Let A, B be any two elements of the group and put 1® {C, A, B}. According to 2 in § 1, 1 is a Hamiltonean 2-group and it holds The whole group C~3 is therefore also Hamiltonean and is the direct product of C and an abelian group of exponent 2. Conversely any such group is obviously an M-group. Now let C3 be a modular p-group which is neither abelian nor Hamiltonean. By the assumption contains a finite non-abelian sub group 1. We consider any finite subgroup M2 of containing C~31. The structure of is given by (i), (ii), (iii) in 1 of §1. We will write (9) if CS3 has an abelian normal subgroup 2X2 and for all A in I2.
The expression (9) may not be unique for C 2, that is to say, it may be also written in the form with some other T, s. But, as 2 is not abelian the maximum of these s, s*,... is surely determined by ~2 and we denote it by s((2). Now let s® be the minimum of all s(~32) when 2 goes round over all finite subgroups of C3 containing ~1 . We choose such C~33 , that The order of A4 is therefore at most p3°+~ and the orders of elements of ~4 also do not exceed p3°+a (i). But the number p3°+a depends only on , C3 , and C34 could be arbitrarily chosen. The orders of elements of C are therefore bounded. Now let 4 be, as before, any finite subgroup containing C3 . We suppose that C34 can be expressed in two different ways It is then easy to see, that the commutator group 4 of 4 is given by where 4~3° or 4 ~~° is the group generated by all p3°-power of elements of 4 or 14 . The maximum of orders of elements of 2t4 and 2 4 is there fore equal to each other and is uniquely determined by C~34. We denote this by o(4).
Let p' be the maximum of o(34), for all 4 containing (~. This is surely determined, as the orders of elements of are bounded. For some fixed X35 C3 , we have then o( (5) Corollary. A modular p-group, whose subgroups of finite length are finite, is either abelian or meta-abelian.
Proof. We have only to prove the second half. It is easy to see that in any group (~3, which has the structure mentioned above, subgroups of finite length are all finite. Let A, B b e any element of The finite group {A, } is then of type 1 (or 2) in §1. There exists con sequently such integers x, y that is therefore quasi-Hamiltonean(9 ), accordingly modular a fortiori.
In a quasi-Hamiltonean group any subgroup of finite length is, as readily to be seen, finite. If we remark therefore that a finite quasi Hamiltonean group is the direct product of their ylowgroups and the groups given in Theorem 3 are all quasi-Hamiltonean, we have im mediately the following Theorem 4. A group, whose elements have all finite orders, is quasi-Hamiltonean, if and only if it is the direct product of an abelian group and such groups, which have the structure stated in Theorem , where the orders of elements o different direct factors are prime to each other. A quasi-Hamiltonean group is therefore always either abelian or meta-abelian. § 3.
-groups which contain elements of infinite orders.
1. We now determine the structure of M -groups, which contain elements of infinite orders.
This time we can carry out our investigation without any assumption.
Lemma 2. Let A, B e any two elements of an M -group (3, of which A has an infinite order.
If {A} {B}=1, then
are different from one another and exhaust all subgroups o C3 which lie between {A, B} and {B}. The order of I is therefore at most 2m. The structure of _??_/_??_ is then given by the following theorem. Theorem 6. An M -group which contains no element of finite order except the identity is abelian.
The proof is rather complicated. We devide it into two parts, the latter of which is available forr any M-group.
Lemma 6. Let A and B be elements of an M-group which contains no element of finite order . except the identity. If {A} r {B} 1, then the subgroup {A, B} is cyclical. 
CD=DC.
Elements of infinite orbers are therefore commutative with one another. Now let E be any element of finite order. Then AE is of infinite order (cf. Theorem 1) and from (20) 
where Ei are elements of _??_. Conversely if we extend an abelian group according to (28)-(32) successively, then the whole group C thus obtained is quasi-Hamiltonean, because any two elements A, B of _??_ are contained in some z and they satisfy consequently the relation (25). We have therefore Theorem 9 Let _??_ be an M group and be the normal subgroup of _??_ which consists of all elements of finite orders in _??_. If _??_/_??_ is an abelian group of rank 1 then _??_is generated with _??_ and with elements Z1, Z2, ... of infinite orders by the relations (28)-(32). Conversely any group of such structure is quasi-Hamiltonean, and there fore modular.
We have further Theorem, 10. For groups which contain elements of infinite orders the notions "modular"
and " quasi-Hamiltonean " are equivalent. The structure of an M-group which contains elements of infinite orders is thus thoroughly determined.
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